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Introduction

Beauty depends on size as well as symmetry. - Aristotle (384 B.C. - 322B.C.),Poetics

What makes something beautiful? The arts and nature are considered vessels of beauty, but could
mathematics be as well? Can it influence our perception of what is beautiful? Perhaps Aristotle’s
quote offers a partial explanation. The presence of the mathematical concepts of size and symmetry
lends to the beauty of an object.

Beauty is an important part of our lives. Consequently, it is no surprise that philosophers have
been interested in our experiences and judgments of it. The term aesthetics is derived from the
Greek word aisthetikos, which translates to “of sense perception” [54]. It is the study of beauty and
taste. The fact that aesthetics is a concept that is not easily broken down into simpler ideas makes
it difficult to explain. Almost anything might be seen as beautiful by someone or from some point
of view. We apply the word to a variety of objects - Mozart’s sonatas, Leonardo da Vinci’s Mona
Lisa, movies such as Les Misérables, silence, fragrances, sunsets, landscapes or stunning gymnastic
routines. There might be some single underlying belief that motivates all of our judgments; however,
it might be that the term beautiful has no sense except as the expression of an attitude, which is
in turn attached by different people to quite different conditions.

Aesthetics has three broad approaches.

• The study of aesthetic concepts, which considers the many terms which may be used to
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describe our aesthetic experiences; terms such as sublime and beautiful for instance.
• The philosophical study of certain mind states, which considers responses, attitudes and
emotions that are involved in the aesthetic experience.
• The study of aesthetic objects, which reflects the view that the “problems of aesthetics”
exist primarily because the world contains a special class of objects toward which we react
selectively and which we describe in aesthetic terms [2].

Numerous mathematicians view mathematics to be beauty itself. They derive aesthetic pleasure
from their work and from mathematics in general. Several describe an especially pleasing method
of a proof as elegant. Some see beauty in mathematical results that establish connections between
two areas of mathematics that seemingly appear unrelated. The most intense experience of
mathematical beauty for most mathematicians comes from actively engaging in mathematics.
Often this stems from their appreciation of the philosophy of mathematics, which is the study of
mathematics’ epistemology, ontology, and methodology.

But, what exactly is mathematics? Various schools of thought have offered radically different
definitions of mathematics – all of which are controversial. We will look at a couple of them.
Aristotle’s definition prevailed until the eighteeth century. He defines mathematics as “the science
of quantity” [28]. According to his definition, anything that can be multiplied, divided, or measured
is called quantity. A line, for instance, is thus a quantity as it can be doubled, trebled, halved, and
measured. Weight and Time are also quantities as they can be measured in pounds, kilograms,
grams, ounces and minutes, seconds, hours; respectively. By this definition of mathematics, items
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such as color and operations of the mind, not being measurable, are not mathematical. One cannot
measure these as being thrice or half as great – they are incapable of mensuration [28]. As new
branches of the discipline developed, new definitions emerged. Some defintions were purely logical.
For instance, Benjamin Peirce’s definition states, “Mathematics is the science that draws necessary
conclusions” [55]. In his definition, “necessary” distinguishes the “form” of an argument from its
“matter”, that is, an interpretation or application to a given mathematical or physical situation
[55]. It claims that its form alone would deliver the consequences from the premises.

Perhaps Bertrand Russell provides the best definition, as he claims that mathematics is the
“subject in which we never know what we are talking about, nor whether what we are saying is
true” [77]. In this statement, Russell demonstrates the importance of axiomatic systems. Axiomatic
systems are the foundations of mathematical inquiry. Any such system starts with some undefined
(primitive) terms. In any mathematical study, we have to have some undefined terms. We will find
that if we try to define and prove everything, we will end up going around in circles. We have to
start somewhere so we start with a few terms which we agree to leave undefined, and then proceed
to define other terms based on these (hence the “we never know what we are talking about” in
Russell’s quote). Next, we have a list of statements, called axioms, concerning the undefined terms.
The axioms give us a sense of how undefined terms behave. They are assumed (not claimed) to be
true (thus the we never know “whether what we are saying is true” from Russell’s quote). Lastly, by
proving new statements, using only axioms and logic systems, mathematicians obtain new results
called theorems. Of course, once we have these theorems, we can use them to prove new theorems.
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For our purposes, we will agree that certain structures are well established to be mathematical in
nature. For instance, most people would agree that number and algebraic systems are mathematical
in nature. In this paper, we will consider proportion, symmetry and perspective, all of which are
widely accepted to be mathematical in nature. Additionally, we will note that the works of music
and art in the paper were chosen because they are masterpieces and most people consider them to
be exceedingly beautiful. In view of this, this paper will strive to illustrate that the presence of
such mathematical properties as proportion, symmetry and perspective can significantly influence
one’s perception of beauty in the arts.

2

The Golden Ratio and Fibonacci Numbers

Geometry has two great treasures: one is the theorem of Pythagoras; the other, the division of a line
into extreme and mean ratio. The first we may compare to a measure of gold; the second we may
name a precious jewel. - Kepler (1571 - 1630)

We have regularly heard the saying, “Beauty is in the eye of the beholder,” and we have time
and again thought that perceptions of beauty vary by race, culture or era. Evidence, however,
shows that our perception of beauty is partly hard-wired into our being. So much so that many are
convinced that the presence of the Golden Ratio in a work of art can partially explain its universal
appeal. The Golden Ratio is the jewel referred to in the above quote, represented by the Greek
letter φ (after Phidias, a sculptor who is thought to have employed it in his construction of the
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Parthenon statues) [68].

Phi is a number that has been found in many disciplines such as art, music, the human body and
biology. Before delving deeper into the challenging task of demystifying this number, the paper will
first explore the history of this fascinating number. No one really knows who originally discovered
the Golden Ratio, but some suggestions point to the ancient Greeks, who studied the number due to
its frequent occurrences in geometry. One such renowned Greek is Pythagoras (569 - 500 B.C.), who
was interested in patterns and number relations that occured in nature. He thought the absolute
happiness, beauty, order and harmony of nature was associated with the science of numbers. He
particularly looked for a numerical pattern that would explain this claim; his goal being to develop
a ratio theory.

Euclid of Alexandria (300 B.C.) later wrote the influential mathematical work Elements. A
collection of thirteen books, it started with basic assumptions (axioms), from which results known
as propositions (theorems) were further developed. Euclid’s 30th proposition in book 6 showed how
to divide a line in mean and extreme ratio, an act now commonly known as “finding the golden
section point on the line” [23]. His phrase implied that the ratio of the smaller segment of the line
to the larger segment was EQUIVALENT to the ratio of the larger part, to the whole line. This
definition was purely geometric and it became the first known written definition of φ. According to
Y. Dong, “Euclid merely gave a construction for the problem, but later writers from the Renaissance
onwards, following Plato, have given the ratio as an absolute, as the proportion of a rectangle that
is most pleasing to the eye.” [57] This common ratio is less than 1, and is the reciprocal of φ.
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The Golden Ratio φ has been called the golden mean, the golden section, the golden cut, the
divine proportion and the mean of Phidias. This value can be found algebraically by referring back
to Euclid’s definition. Suppose the length of the whole line, AC is y units. We can assume that B
is a point between A and C such that B is closer to C than A (see diagram below) and that the
length of the larger segment AB is 1 unit; the length of the smaller segment BC is then y − 1 units.
A

B

C

It turns out that when we manipulate the equations algebraically, we get φ ≈ 1.618. To find φ,
we take Euclid’s definition of φ, which gives us:

φ=

AC
AB
=
AB
BC

φ=

y
1
=
1
y−1

or

Solving for y, we get:

y2 − y = 1
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⇒ y2 − y − 1 = 0

We then recall that the solutions to the quadratic equation:

ax2 + bx + c = 0

are

x=

−b ±

p

(b2 − 4ac
2a

We note that in our equation, a = 1, b = −1, c = −1 and x corresponds to y, thus,

y=

−(−1) ±

p
p
(1) ± (1) + 4
(−1)2 − 4(1)(−1)
=
2(1)
2

Since we are solving for a length and we know by definition that a length is always positive, we
will ignore the negative solution and therefore conclude that

√
1+ 5
φ=y=
2
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which is approximately 1.618.

The Golden Ratio has interesting connections to the Fibonacci numbers which were discovered
by the Italian Leonardo Fibonacci, a man who some consider to be the greatest European mathematician of the Middle Ages. In 1202, Fibonacci published a great collection of thirteen books
entitled “Liber abaci”, in which he described how to do arithmetic in the decimal system. A problem
in the third section of this book led to the introduction of the Fibonnaci numbers. The challenge
read: “ A certain man put a pair of rabbits in a place surrounded on all sides by walls. How many
pairs of rabbits can be produced from that pair in a year if it is supposed that every month each pair
begets a new pair which from the second month on becomes productive?” [58]

Let Fn denote the number of adult pairs in a particular month n, and bn denote the number of
pairs of baby rabbits from the previous month which grow to be adults.

Then the number of adult rabbit pairs in month n + 2, Fn+2 , is given by the number of adult
rabbit pairs in the previous month, Fn+1 , plus the number of baby rabbit pairs from the previous
month which grow to be adults, bn+1 (assuming rabbits do not die);

Fn+2 = Fn+1 + bn+1 .

In the (n + 1)st month, the number of pairs of baby rabbits will be equal to the number of adult
rabbit pairs in the previous month (since each pair of adults begets a pair of babies);
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bn+1 = Fn .

Combining the above equations yields the recursive relation for the number of adult rabbit pairs
as
Fn+2 = Fn+1 + Fn .

In coming up with a solution to this problem, Fibonacci discovered a unique sequence of integers,
starting with 1, where each successive element is the sum of the previous two numbers. If we let
Fn denote the nth Fibonacci number, then we can write the sequence as follows:

F0 = F1 = 1

F2 = F1 + F0 = 1 + 1 = 2

F3 = F2 + F1 = 2 + 1 = 3 and so on.

The rule of formation is easily noticable:

F0 = F1 = 1,

Fn = Fn−1 + Fn−2 .
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The resulting sequence

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, ...

is called the Fibonacci sequence and its terms are known as the Fibonacci numbers.

There are many interesting connections between Fibonacci numbers and the Golden Ratio. For
instance, when we divide each number in the Fibonacci sequence by the one which precedes it, we
will note that the series of numbers gravitates closer and closer to the Golden Ratio as evidenced
below.

21
13

≈ 1.615385

34
21

≈ 1.619048

55
34

≈ 1.617647

89
55

≈ 1.618182

144
89

233
144

≈ 1.6179785

≈ 1.618056
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If we take three successive terms of the series Fn , Fn+1 , and Fn+2 , then, for large n,

φ≈

Fn+1
Fn+2
Fn+1 + Fn
Fn
1
≈
=
=1+
≈1+
Fn
Fn+1
Fn+1
Fn+1
φ

We alternatively define the golden section φ to be the limit of

Fn+1
,
Fn

as n → ∞ so from the

above we have:

φ=1+

1
⇒ φ2 = φ + 1 ⇒ φ2 − φ − 1 = 0
φ

Again, we arrive at a quadratic equation that will allow us to compute φ to obtain

√
1+ 5
φ=
≈ 1.618
2

We arrive at the same equation.

There is music wherever there is harmony, order, or proportion. - Thomas C. Haliburton

Some music has a relationship to the Fibonacci sequence. Many twentieth-century composers
have used Fibonacci numbers as compositional determinants in a variety of ways, and probably for
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a variety of reasons. For many, the attractiveness of the series was undoubtedly in its apparent
universality. Or perhaps some of its intriguing mathematical and physical properties appealed to
the composers’ sense of order.

Some allege that the composer Wolfgang Amadeus Mozart used mathematics in his musical
compositions. Many undoubtedly recognize him as not only one of the greatest composers of the
classical period, but as one of the greatest of all time. Born to Leopold Mozart (a great composer
and violinist) and Anna Maria Pertl in Salzburg Austria on January 27, 1756, he began, at the
tender age of 3, to play the keyboard. At age 5, he started composing minuets - stately French
dances in triple metre (usually 43 ) that appeared as a social dance at the French court in the 1660s
[56]. Mozart’s most appealing music has a symmetrical balance, uses strict structures, and can
express humor, joy or sorrow with both conviction and mastery [40]. Several of his later operas are
excellent examples of high art, as are many of his piano concertos and later symphonies. He left
mathematical scribblings in the margins of some of his compositions. Although the equations that
he wrote have been attributed to the renowned composer weighing the outcomes of a local lottery,
many believe that this shows his use of the Fibonacci sequence and the Golden Ratio in his sonata
compositions [70]. We will now consider Mozart’s sonatas.

The sonata form is one of the common forms in classical and romantic music. Sonatas consist of
three main sections. The first part of the structure is called the exposition. It is the section in which
the main musical theme is announced. This part is then followed by the development, the section
in which the theme is developed and often expanded upon. The final section is the recapitulation,
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where the theme is revisited to finish the movement.

Sonata # 1 in C Major for instance has 100 measures (equal units of time) in total. These come
from the 38 measures in the exposition and 62 measures in the development and recapitulation
combined. The ratio of the larger segment of the sonata to the smaller segment gives a ratio

62
38

≈

1.632 which is approximately φ. Additionally, the ratio of the total number of measures (100) to
the number of measures in the development and recapitulation (62) gives a ratio

100
62

≈ 1.613 which

also is approximately φ.

In 1995, the mathematician John Putz analyzed the question of whether Mozart had used the
Golden Ratio in all of his sonatas. By statistically examining the ratios of the numbers of measures
of Mozart’s sonatas, Putz discovered the sonatas gravitated towards the Golden Ratio. In particular,
the ratio of the total measure to the development and recapitulation in all the sonatas was very
close to φ. His findings are evidence that “Mozart did, with considerable consistency, partition
sonata movements near the golden section.”[75]

It is debatable whether Mozart knowlingly utilized the Golden Ratio in his pieces, or whether he
came to it as a result of the appealing sound the proportion generated. It should also be noted that
there must certainly be other reasons Mozart’s sonatas are regarded to be beautiful by so many.
Mozart is known to have used very symmetrical phrasings (8 bar phrases consistently) within a
period of time that prized symmetry and precision (the Classical Era). It thus is no surprise that
there are larger symmetries involved (in form) that might not be as apparent to the uninformed
listener.
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... But it is absolutely necessary to be able to draw the right proportion and the position of the
object pretty correctly before one begins. If one makes mistakes in this, the whole thing comes to
nothing. - Vincent van Gogh letter to Theo van Gogh, August 1882

Leonardo da Vinci, born out of wedlock to a landowner and a peasant girl in Vinci, Italy in
1452, like Mozart, was believed to have utilized proportion in his artworks. He began apprenticing
at the age of fourteen in Verrocchio’s workshop. Very little is known about his apprenticeship;
however, the “short account provided by Vasari confirms that the training included architectural
and technological design, according to a concept that was being revived on the model of Vitruvius,
as reproposed by Alberti” [74]. Leonardo is renowned for his famous works - Mona Lisa and The
Last Supper. Though he did not have any formal education in mathematics, he had a good grasp for
complex ideas in the discipline. Many people believe that his “approach to the future, inventions
and drawings was inherently wrapped around problem solving and reasoning” [27]. The styles and
methods in each of his artworks have been studied and used for centuries. One of the most popular
techniques is proportion. Vitruvian Man embodies this.
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Figure 1: Leonardo da Vinci, Vitruvian Man, ca. 1485-1490. Pen and Ink

Vitruvian Man is a pen and ink drawing of a male figure whose outstretched limbs touch the
circumference of a circle and the edges of a square. His navel is in the center of the circle. The
work is static in structure, but the man “appears as a living being with unruly hair, distinct facial
features and a strong build” [24]. Additionally, hand-written text surrounds the drawing of the
figure.

This image is an example of the artist’s keen interest in proportion. The projection into the
square with the Vitruvian Man’s arms out-stretched horizontally, touching the sides of the square,
and his legs together relays the fact that the man’s arm-span is equal to his height. Leonardo
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writes, “If you open the legs so as to reduce the stature by one-fourteenth and open and raise your
arms so that your middle fingers touch the line through the top of the head, know that the centre
of the extremities of the outspread limbs will be the umbilicus, and the space between the legs will
make an equilateral triangle” [24]. Further proportion illustrations are highlighted by such things
as “the distance from the bottom of the neck to the hairline is one-sixth of the man’s height, the
distance from the elbow to the tip of the hand being a quarter of the man’s height or the length of
the man’s foot being a sixth of his height” to mention just a few [38].

Additionally, the image is full of Golden Rectangles, particularly in the head, torso and leg
areas. A Golden Rectangle is one whose side lengths are in the golden ratio 1:φ. Many lines of the
rectangles are actually drawn in the image, at least in part, and can be seen in the man’s form.
These highlight significant points of da Vinci’s proportion scheme. The appearance of the Golden
Rectangles in Vitruvian Man makes the image appear balanced, and thus more beautiful to the
human eye.

3

Symmetry

The mathematical sciences particularly exhibit order, symmetry, and limitation; and these are the
greatest forms of the beautiful. - Aristotle

The word symmetry comes from the Greek word symmetria, which translates to “measure
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together” [2]. It is defined by the Oxford English Dictionary as “correct or beautiful proportion
of parts; balance and harmony” [29]. It can also mean repetition of exactly similar parts facing
each other or a center. The first definition involves a sense of harmonic or aesthetically pleasing
proportionality and balance, reflecting beauty or perfection; the second is a well defined concept of
balance or “patterned self-similarity” that can be proved according to certain rules [2].

Symmetry is a seemingly simple concept that encompasses many complex ideas. It is a
fundamental concept in science - present not only in basic equations, models and theories, but
also capable of uniquely connecting seemingly far away domains of knowledge [61]. The concept of
symmetry has been visible from time immemorial in human endeavor. It has its beginnings in the
well-springs of human knowledge and it has widely been used by all the modern sciences. Principles of symmetry dominate in physics, mathematics, chemistry, biology, engineering, architecture,
painting, sculpture, poetry and music.

In mathematics, there are many types of symmetry. These include translation, reflection, glide
reflection, rotation, helical, scale symmetry and fractals. The most common types are reflection,
rotation and translation, which may also be found in combinations of each other. Reflection “is a
rigid motion that moves an object into a new position that is a mirror image of the starting position
across an axis of reflection” (see Figure 1) [82].
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Figure 2: Reflection Symmetry

The points where the shore meets the water become the axis of reflection. Folding the top and
bottom parts along this line of reflection makes them coincide with each other. Hence, the two sides
are mirror images of each other.

Rotation “is a rigid motion that pivots or swings an object around a fixed point” [82]. It is
defined by giving the point that acts as the center of rotation as well as the measure of angle of
rotation (see Figure 2).
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Figure 3: Rotation Symmetry

The center of the star fish is the center of rotation. Because the star fish has five arms and a
complete rotation is 360 degrees, 360/5 = 72 degrees gives the angle of rotation. During rotation,
each of the arms of the star fish rests where the previous one lay.

Translation “consists of sliding an object in a specified direction and by a specified amount”
[82]. A pattern thus “repeats indefinitely whether in one, two, or three dimensions” (see Figure
3)[82].
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Figure 4: Translation and Reflection Symmetry

The foot prints shown all head in the same direction and they all maintain the same distance.
The image also has reflection symmetry. Again, if we fold the image horizontally in half, the
footprints would coincide with each other showing how the two sides are mirror images of each
other.

Claims that symmetry contributes to an object’s being aesthetically pleasing come from a variety
of sources. One argument for the importance of symmetry lies in the abundance of symmetry in
the natural environment, whose properties often are used in “constructed objects to appeal to the
perceptual specializations that have developed in this environment”[3]. A second argument draws
on a “resonance with the inherent symmetries of the optics, retina and cortical projection of the
visual system, which has rotational symmetry overlaid with a reflectional symmetry” [3]. Some
designs such as those of Persian carpets (see Figure 4) may be particularly appealing because they
harmonize with such symmetries. All images, artistic or scientific, are abstractions from diverse
phenomena. The abstraction of images occurs even during everyday perception, wherein the mind
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reduces the richness of sense data to orderly patterns [3].

Figure 5: Persian Carpets

I don’t know if it’s a sign of all the chaos that is happening out there or not, but I’ve lately
craved the structure and order of classical music, the balance and symmetry. - Helen Reddy

While symmetry is not the first quality that comes to mind when listening to Béla Bartok’s
music, it underscores much of his music, especially in his later period; a good example of what
Helen Reddy might have craved. Béla Bartok was born in March 1881 in Hungary. As a child,
he often listened to his mother playing the piano and showed precocious musical ability; he began
composing at the age of ten. In the vast majority of his work, Bartok used cyclical pitch collections
such as octatonic and whole tone sets. He enlivened his music by themes, modes and rhythmic
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patterns of the Hungarian and other folk music traditions, which he studied and synthesized into
his own distinctive sound. Bartok’s music is marked by its precision of execution. The forms of
his later works are known to be immensely symmetrical. One such piece that is a masterpiece of
formal symmetry and balance in more ways than one is the Cantata Profana , which he completed
in 1930.

Cantata Profana -“The Nine Enchanted Stags” is a choral work for tenor, baritone, choir and
and orchestra [14]. It tells a story about a man who teaches his nine sons the art of hunting stags.
One day, the nine sons cross a haunted bridge deep in the forest and are magically turned into
deer. Their father arrives and aims his bow at them, but when he realizes his sons’ fate, he pleads
with them to return home. However, the sons cannot do so; they note that their antlers will not fit
through the doorway. Hence, they are confined to the forest.

The piece is arranged in three connected movements. The first, marked molto moderato is
introduced by the orchestra and sets an enigmatic mood; the second, marked andante carries the
dark plot and is based on the themes of repeated notes and “savage and rhythmic choral writing”
[14]; finally, the moderato opens with a lovely chorus which is more thoughtful and subdued and
summarizes all of the details of the story presented in the first two movements [14].

Cantata Profana highlights the mirrored nature of the modes with which the work begins and
ends. The work begins (D-E-F-G-Ab-Bb-C-D) and ends (D-E-F#-G#-A-B-C-D) [80]. By analyzing
the difference between pitches (intervals) of this musical piece, we note that the mode used in the
beginning of the work has the following intervals (in steps):
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whole, half, whole, half, whole, whole, whole

The mode used in the end of the piece has the following intervals (in steps):

whole, whole, whole, half, whole, half, whole

In short, the intervals between each of the notes are exactly the same as they are mirrored onto
one another if we start from the last note of one mode and the first note of the other. Bartok’s
two modes thus act as inversions. The inversion form is “the melodic inversion of the original, all
intervals written upside down, all interval directions changed” [37].

The text of Cantata Profana itself has a rough symmetrical structure. The text is in five
paragraphs, which have eleven, eight, forty-six, thirteen, and twenty-three lines, respectively. The
text length is thus arranged as follows:

medium, short, long, short, medium

The third paragraph, being the longest is the “textual axis,” such that when the piece is folded
along the center of this axis, the ends of the piece coincide and are thus mirror images of one another
[80]. Additionally, the tempo of the piece is symmetrical. The opening of the piece is slow, and
becomes fast at the fugue. It then moves back to slow, then fast before moving back to slow in the
summary. The center of the second slow portion acts as the reflection axis such that when the piece
is folded along it, the other two sides coincide and are thus mirror images of each other.
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Symmetry creates an aural sense of “home base” - a place from which a composer can start,
move away, and if the composer wishes, return. We find symmetry in music to be beautiful because
it provides a sense of completion. We embark on a musical journey, encounter some disruption in
the order of things, then return to order again.

This perception is intricately linked to the Darwinian concept of beauty, which argues that our
perception of beauty is “governed by circuits shaped in the human brain” [59]. We find things
beautiful because they fit within the map of our brain that is in turn mapped by our everyday
experiences. Our brains are wired to recognize and enjoy sounds, images and ideas we are familiar
with. The experience of beauty, with its emotional intensity and pleasure hence lies in cognitive
neuroscience and biology.

Art employs method for the symmetrical formation of beauty, as science employs it for the logical
exposition of truth; but the mechanical process is, in the last, ever kept visibly distinct, while in the
first it escapes from sight amid the shows of color and the curves of grace.- Edward G. Bulwer-Lytton

Just as symmetry intrigued Béla Bartok, it also captivated the artist Albrecht Dürer who was
born in 1471 in Nuremberg [16]. As a child, he was educated at the Lateinschule (Latin School) in
St. Lorenz and also worked in his father’s workshop learning the trade of a goldsmith and jeweller.
He apprenticed under Michael Wolgemut (a principal painter in his town). He not only learned
how to paint, but he also learned how to carve wood and to engrave using elementary copper.
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Dürer travelled to Italy in 1494. It was during this time that he became greatly interested in the
relationship between mathematics and art. Under the influence of Italian theory, Dürer became
increasingly drawn to the idea that the perfect human form corresponded to a system of symmetry.
His fascination with ideal form is evident in Adam and Eve.

Figure 6: Albrecht Dürer, Adam and Eve, c 1507. Engraving

This engraving represents Dürer’s interpretation of the biblical story of the Fall as told in
Genesis. The picture shows Adam and Eve just before the Fall. The Tree of the Knowledge of
Good and Evil splits the image down the middle, separating Adam and Eve. Eve is hiding one
apple in her left hand and is about to accept another from the serpernt. At the bottom of the
image, the cat and mouse between Adam’s feet are tensely crouching. Though they appear to be
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in harmony with each other, the tension in the animal’s poses suggests their future enmity once
harmony is lost when Adam and Eve eat the forbidden fruit. There are other animals in the frame
- a rabbit, a goat and a cow in the background.

In order to represent this final moment of man’s untarnished state, Dürer utilizes perfect human
figures and symmetry. In this piece, Adam and Eve appear to be mirror images of one another on
either side of the Tree of Knowledge of Good and Evil which occupies the center of the piece. The
artist’s efforts to show symmetry are also indicated in the way the couple is standing in the frame.
Each has one leg straight, and the other one bent, one arm straight, the other bent. In this work
of art, Dürer manages to piece humanity back into its beautiful potential. Symmetry here is thus
“both a conceptual and a perceptual notion associated with beauty-related judgments” [84].

4

Perspective

What a delightful thing this perspective is! - Paolo Uccello

Philosophers of the Renaissance considered mathematical investigation essential to some of their
theories. A combination of mathematics with natural philosophy was known as the “mixed sciences”
and these included the study of optics [67]. The word optics was introduced in the Renaissance, as
part of the determination to return to the Greek origin of science. The Latin term of the word is
perspectiva.
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The goal of the most basic type of perspective is to approximate and represent, on a flat
surface, an image as it is seen by the eye - a way to give an illusion of three-dimensional depth when
drawing on a flat surface. In actuality, objects further in the distance appear smaller, and so are
drawn smaller as their distance from the observer increases. The size of an object along the line of
sight is relatively smaller than across the line of sight.

The Renaissance period marked the introduction of perspective and depth to art. We will
consider Michelangelo’s The Creation of Adam.

Figure 7: Michelangelo, The Creation of Adam, ca. 1512. Fresco

The Creation of Adam is Michelangelo’s depiction of the creation narrative from the Book of
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Genesis in which God breathes life into Adam, the first man. The characters in this image have
a lot of dynamism and movement. For instance we can clearly see that their hands are about to
touch. Though the image is two-dimensional, there is an illusion here of viewing the items in three
dimension. This makes the piece more visually accurate, real, and thus, beautiful.

In early civilizations, and for a thousand years following, artists often portrayed all of the objects
in a picture as being the same distance from the viewer. This strategy made paintings clear and very
easy to understand, but less aesthetically pleasing. We will consider the Bayeux Tapestry below.

Figure 8: Bayeux Tapestry, ca. 1507. Embroidered Cloth

This is an embroidered cloth which depicts the events leading up to the Norman conquest of
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England concerning William, the Duke of Normandy and Harold, the Earl of Wessex and
culminating in the Battle of Hastings [13]. The cloth demonstrates art in the eleventh Century,
before the Renaissance. In this era, art tended to be methodical and abstract; as such, human
beings appeared to be very stiff and awkward in mundane positions. In contrast to Michelangelo’s
piece, the images are completely two-dimensional; they are flat and lack depth.

The first known type of perspective is linear perspective, which originated in Florence, Italy
in the early 1400s [17]. It uses mathematical techniques for projecting the illusion of a threedimensional world on a two-dimensional surface. It assumes that the world exists behind a flat
rectangular plane of glass. Linear persperctive is a simplification of how we view the world in that
it relies on a fixed rather than constantly changing viewpoints.
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(a) Schematic

(b) Geometric

(c) Artistic

Figure 9: Images of Linear Perspective

There are many types of linear perspective. One point linear perspective begins with a horizon
line that defines the farthest distance of background and a vanishing point. Orthogonals (lines
intersecting at right angles) are drawn from the bottom of the picture plan to the vanishing point.
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(a) Schematic

(b) Geometric

(c) Artistic

Figure 10: Images of One Point Perspective
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Two point linear perspective on the other hand uses two vanishing points.

(a) Schematic

(b) Geometric

(c) Artistic

Figure 11: Images of Two Point Perspective
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Three point linear perspective uses three vanishing points.

(a) Schematic

(b) Geometric

(c) Artistic

Figure 12: Images of Three Point Perspective
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Reverse perspective is characterized by parallel lines that diverge rather than converge as they
approach a given horizon line. In other words, objects above the horizon line are drawn downward,
and those below the line are drawn up [39].

(a) Schematic

(b) Geometric

(c) Artistic

Figure 13: Images of Reverse Perspective
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Anamorphosism pespective is a system of perspective that exploits the extreme degradation of
forms on the picture plane at very wide angles of view.

(a) Schematic

(b) Geometric

(c) Artistic

Figure 14: Images of Anamorphic Perspective

It uses the optic trick of anamorphosis in which a form depicted on the picture plane is subject
to such extreme lateral stretching that it is unrecognizable from the front, but recognizable when
viewed from a very shallow angle [39].
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(b) Right (Recognizable) View

No power on earth can keep the picture from being three-dimensional once the first line is drawn
or color-plane applied. - Sheldon Cheney

Piero della Franscesca, born in 1412 to a tradesman Benedetto de Franceschi and Romana
di Perino da Monterchi in Borgo San Sepolcro in central Italy was skilled in perspective. At an
early age, Franscesca began his artistic apprenticeship. He worked on frescoes for the Sant́ Egidio
Church in Florence. It is believed that during this time, Piero probably came into contact with
the great Florentine artists of the time such as the painter, Fra Angelico and the architect, Filippo
Brunelleschi. However, not much is known about Piero’s early life, but the writer Giorgio Vasari
wrote that “he demonstrated great mathematical ability since early youth” [68]. Piero’s art was
monumental and rational. It represented one of the highest artistic ideals of the early Renaissance.
The mathematical rigor of his creations emphasized the abstract and iconic traits of his paintings
and thereby added a powerful religious feeling to his masterpieces. His paintings are characterized
by their serene humanism and their use of geometric forms, particularly in relation to perspective
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and foreshortening [7]. One such painting is Flagellation of Christ.

Figure 16: Piero della Franscesca, Flagellation of Christ, ca. 1455-1460. Oil and Tempera on panel

Franscesca’s Flagellation of Christ is an oil painting that depicts the whipping of Christ by the
Romans during his Passion - the suffering of Jesus as he was nailed to the cross. This biblical event
unfolds in a palace in Jerusalem in an open gallery in the middle distance. Jesus is standing against
a column with a Roman statue on top; on each of his sides, a man holds his whip high. There is a
man sitting in front of the flagellation, but he remains static and indifferent to the lashing, similar
to the three wealthy-looking men in the the foreground on the right hand side, paying no attention
to the event unfolding behind them.

The scene is dominated by architecture. The stunning use of perspective adds a sense of realism,
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draws our eyes toward the small figures and gets us into the image. The characters have a lot of
dynamism and movement and look real. The artist rigorously applies linear perspective in this
work. This is evident in the orthogonal lines of the buildings to the left, the lines of the hall and the
black and white tiles on the floor. All of these lines converge to the same vanishing point - Christ’s
head, just left of the center of the painting. Linear perspective eliminates the multiple viewpoints;
it creates an illusion of unified space from a single, fixed viewpoint [26]. This creates a powerful
impression of beauty, balance and stability. Since we tend to find beauty in things that are done
well and are visually accurate, we find this illustration to be beautiful.

5

Conclusion

Of course, non-mathematical features influence our perception of what is beautiful. Our perception
of beauty may be governed by circuits shaped by natural selection in the human brain. Beauty
is nature’s way of acting at a distance, and evolution’s trick is to make things beautiful, to make
them exert a magnetism, and give one pleasure by simply looking at them. We tend to find things
to be beautiful because the experience of beauty, with its emotional intensity and pleasure lies in
cognitive neuroscience [59]. The experience of beauty, in other words, is embedded in the humans’
ability to learn and use knowledge – the biological foundations of mental phenomena. In the words
of the psychologist Allen Thompson, “the more we are exposed to something, the more we come to
like it” [83]. Thus, the more familiar and real something seems to us, the more appealing we may
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find it.

The media in addition influences our perceptions of beauty as it holds the standards of what
beauty should be. It broadcasts its perception of what is attractive (physically) and people are
susceptible to feeling the effects of this. Moreover, the media can alter perception of what people
believe is normal. According to the scholar Samsudin, “Media have long emphasized on images
of models, actors and actresses in order to sell their businesses and somehow have indirectly set
a standard of beauty for its viewers. Idealized beauty standards are only some of the ways on
how media portray beauty, society and youth” [49]. Repeatedly making people view images of the
“new” normal, for instance, constantly being fed images of celebrities who are praised for their
perfect bodies and beauty makes being “perfect” - whatever the definition - seem like the norm.

Culture also has bearing on our ideas of beauty as the latter is based on whatever the common
consensus is at any particular time. Different cultures and times have found different items beautiful.
Looking at the cultures of the world today, there are many variations in what is considered beautiful.
This is evident in all manners of adornment, tatooing, and manipulation of body parts that are
linked to beauty. All over the world, people go to incredible lengths to match up to the standards
of beauty their culture endorses. In pre-1912 China for instance, men regularly found women with
smaller feet to be beautiful. At first glance these standards of beauty do not appear to be consistent,
but when a culture changes, these standards often change with it.

The appearance of beauty in music and the visual arts is at times strongly influenced by
mathematics. When we look carefully at pieces of musical and visual art for instance, we intrinsically
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notice pattern arrangements, which are, in themselves, mathematical in nature. Patterns occur in
every part of mathematics and are central to our idea of aesthetic pleasure. We are wired to seek out
and be sensitive to changes in patterns. The scientist Shermer even asserts, “We are the descendants
of those most successful at finding patterns” [81]. This brings us back to the connection between
evolution and beauty. It is this, in part, that influences our perceptions of beauty.

Plato’s theory of Forms maintains that two distinct levels of reality exist: the material world
and the intelligible world of Forms. Mathematics is in the latter. In mathematics, we have access
to perfect squares, circles and symmetry, but no such objects exist in the material world. We thus
believe that the objects that we think about in mathematics must be real since they are most
precise. The appeal of non-perfect symmetry in the arts (and nature) may be attributed to our
understanding of a perfect symmetry. This is partly why we find Gothic cathedrals, “perfectly”
formed flowers and even the symmetric faces of movie-stars to be beautiful. The Adam and Eve
image by Dürer does not have perfect symmetry at all, however, it specifically appeals to our sense
of perfect symmetry, making it particularly beautiful. Additionally, there are ratios and proportions
that many believe make things orderly and beautiful. Though the proportions looked at in Mozart’s
sonatas are not exactly equal to the Golden Ratio, they closely approximate it. Approximation of
the exact in this case, is like approximation of the perfect symmetry. Mozart’s sonatas appeal to
our sense of the exact pleasing proportions; this, in part, makes them aesthetically pleasing.

In the case of perspective, roles seem to be reversed. The more familiar and real something
seems to us, the more appealing we tend to find it. Michangelo’s The Creation of Adam illustrates
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this as it depicts human characters showing movement and dynamism - attributes which we can
relate to in our material world. Since we are familiar with these characteristics, we tend to find this
visual art piece beautiful. In this case, we use mathematics to approximate reality, which we find
delightful.

In conclusion, when encountering a work of art, mathematics may play a major role in whether
or not we find it beautiful. Perhaps the recognition of mathematical patterns influences us. Or it
could be that we recall perfect mathematical ideals underlying it. Or it may be that mathematics
has helped to make art pieces more realistic, and thus more familiar. In the end, not only is
mathematics a beautiful discipline, but it also can have an impact on our perceptions of beauty in
the arts.
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